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(54) Multiplication circuit using col- 
umn compression 

(57) A high speed parallel operation, 
multiplication circuit has multiplier mul- 
tiplexor components 101-104, column 
compressor componentsllMIS, and 
arithmetic units 120-123 which perform 
addition operations to provide a resul- 
tant product. The multiplier multiplexor 
components 10M04 may be Im- 
plemented using a modified Booth's 
algorithm and generate, in parallel, an 
array of partial products in a single 
operation time, and the column com- 
pressor components 111-1 18 operate to 
process every column within a single 
operation time whereby every Input 
creates an output in essentially the 
same propagation time, l.e., true para- 
llel operation requiring preferably no 
more than an average column propaga- 
tion delay time. 
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SPECIHCATION 

MuKipllcation scheme using column compressow 



IS 



20 



Bsckground of the Invention .„,.fc„rfinital data orocessing systems and more particularly ^ 

5 This invention relatestofurictionalcompofienteford^^^^^ 
for an arithmetic device for performing h.gh speed muWp^Ua^^ 
The speed atwhichcaiculauons may bepe^n^edin^ 

same time. ^ ^ ^ , .rt,-,ptic devices is more complicated than addition, the speed 

As themultipllcation performed bythe^a^^^^^ 

of the multipliers incorporated into acomputing system to very 9 

15 ofthesystem. ™rtinnd<«ilcBs to multiply by generating and then accumulating 

It has been customaryln many earlier Mmputingdev^MS^^^^^^ 

. onepartialproductforeachbitofth8mult.pl.«.*e«Wi^^^^^^^^^ 

muitipiier.Theseshiftoperationsv.erenorma^VM^^^^ 

Involvingadelaytimewhichwascumu^^^J^^^^^ 
20 multiplication scheme have involved sicipping « 

;ityi'eldedemultiplierhavingthesp^des.r^^^^^^^ 
Other multiplication schemes have 8^50 teen^^^^^^^^ 

have wherein thetwo ope""'^*'" ''^I^dJ^^^^^^^ multiplication wherein a continuous 
squaring functlonsfoilowedbyasubtrac^onjan^^^^^^^^ 

25 stteam of operands was fed P»'*"^"'f^"Jj"**l"'^^^^^^ sueam of productt resulted. Neither 
pairof operands on successWeoperationalcyd^^ 

^these schemes, however pro^rfdedamuk^e^^^^^^^ 
AD. Booth published "A Signed Binary Mul^^^^^ 

2.,951.whichha3becomeknownas"^^^^^^ 
30 faster multipliers than previously ava l8bte.Bc»J^^^^ 
examinestwoormorebitsofthemul ip w^atthe^^^ 

multiplicand to be added to the par^al P^«^"*JJ« ^J^^^^ begun from either direction. Amdal et al, 
complementnumber.andthedecod.ngofthem^^^^ 
USPN 3,840.727 teachapipelinejmplementetion 

36 Another technique which has been ut i bed to ^'^''^^^V^ product, carry tooknihead 
toolcHiheadstructurelsemployedls-co^mnco^^^^ 

"wS«:52S-now.howeverisan.venfas,ermult.p.ica«oncircui^ 
*5 art. . . m.iittniication circuit for use in a digital data processing 

50 compression multiplication structure wherein every input xo uib 
SB monolithic large scale, integrated circuitry. 



30 



35 



40 



Summaryofthelnventlon ux«»h in ahiohsoeed, parallel operation, multiplication drcult 

The objectives of this invention are ~hi«««l « "igh s^^ integrated circuitry, 

which miy be implemented in current mo* 0^^^^^ 

^'^Slncompre.sormayoperateuponthearrayofpartla.produc.stocompreast^^ 
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successively smaller arrays, reducing the number of rows until only two rows remain. Compression may be 
achieved for each column, and concurrently with the other columns. 
A carry-look ahead adder may operate upon the remaining two rows to provide the complete product 

Description of the Drawngs . . u ji -^--^-h ^ 

The advantages, principles of operation and special features of this invenuon may be readily understooa 
from a reading of the following detailed description of the Invention In conjunction with the accompanytng 
drawings in which like numerals refer to like elements and in which: 
Figure 1 is a circuit diagram of an 8 bit x 8 bit multiplication circuit embodying the invention. 
,0 HflOf»2present8aclrcuitdiagram of a single multiplication multiplexor shown in «»«ken representation ,o 
as to dupiiortion of identical elements, a plurality of which multiplication multiplexors are found in the circuit 

'^RguKs k 3A and 3B comprise a circuit diagram of a single column compressor, a plurality of vwhwh 
column compressors are found in the circuit of Figure 1. 

15 

Detailed Description of the Invention 

A high-speed binary multiplication circuit is implemented in median scale Integration current e "»tiw. 
An unsigned integermultiplication circuit. Figure l.for handling anelght bit multiplier iraand an eight bit 

binary multiplicand 106 Is implemented on two I.C. chips. The multiplication s<*e'"e ""^^^^^^ . 
,0 operates to obtain a final product 1 10 in essentially two operations. In the first operation, a set of addends is jo 
raTSbeing the partialpnHlucts of the eight bit multiplierlOB and the ri^^^^^^^ 
Sndoperatonthesetof addends Is reduced toasum equaling thefinal p 

''ihrnSmSpa'Sfproduct set (matrix array) is generated in a partial product array comprising four 
,s identicalmultipliermultiplexorcomponcnt8l01,1(H,103,1()4ofatypaavailablefromBurrough8 26 
^ Corporation,partnumberECML-2M31.Figure1showsthepartlalproductarrayoperaUngup^^^ 

multiplicand 106 represented by Xo through X,. wherein Xo is the least significant bit; and an eight bit 

multiplier 108 represented by Yo through Y,, wherein Yo is the least significant Wt. 
Each of the multiplier multiplexors 101, 102. 103, l04generatestwo-time8.one4ime*or2OT.time8the 
OA multiplicand I06,intrueorcomplemcntedformcorrespondingtothev8lueofttepartteutarthre«bit8of 30 

multiplier 108 or Its inputs "Y-l." "YO" and "Y1" inputs. The additional Input "P" controlstta 

rrnSmenXofthemultipliUnd lOesothate 

SnStina positive (where "P"input = 0)or negative rr-1|loglc. The 
reoiJaIlabetedP,,Pv.„.P,) from each ofthe multiplier muitiplexors101,102,W 
35 inputsignal8onlts"Y-1,"Y(»"and"Y1"inputtemiinal8. 35 



"Yl" "YO" 



40 „□,._« ..p«„i p-o P-1 



1 1 
1 1 



0 0 
50 0 0 





TABLE 1 
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55 


Xi 


1 
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55.1 
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X, 


55 
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^ \ 
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0 ^ 
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"P," 



40 



1 1 
% X, 



45 1 0 ^ -5 C 5' X 

Oil 55-, X, 

0 10 X, 5? X, S 



Xt X, 
0 0 so 



w P, = I PQX.)(Y1Y 0Y-1 + YI YOY^ + (P®Xm)Y1Y0)M 
+ (P©)UYir0Y=T + TO(Y1YS7l+Y1Y0Y=TI 

+ Y1Y0Y-1 

P« - (PQXt) IY1Y0Y-1 + YIYOY^ +X1Y0Y-1) + (P©X7l 
(Ym?=T + YIW-I + Y1Y0Y-1) + Y1Y0Y-1 



55 



60 



Looking to the partial product array (IVIM 101-104) interconnection, Rgure 1, each multiplier mulUplexor 
101, 102, 103, disconnected for operating in parallel and has its "X," inputtemilnal connerted in common 
totheXobltofthemuWpilcand106;lts'%"inputttmTtlnalconnertedinM^^ 
65 multiplicand 108; its "Xj"lnputterminal connected in common to the Xj bit ofthemuWplicandloe, US a, ^5 
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26 



connected to the YjbitofthemultiplierlM. ,o48refed direcUy Into the Inputs of eight 

Theoutput8fromthemuWJ^ermult.ple^^^^^ 

column compressor components 11 . ^^Jf^l^^l^l^ Esch of the column compressors (CC) 

"S^" "W'DS," "DC," "LS," and-'EC/' . ..^.^ .5.-1083^ to^c," input connected to the P,output 
CC111haslts"C,"inputconnectedtoY,tMtofmulttpliw^^ CC'1 11 has its "Sm" Input 

2SofMM101.whileits"D/'inpotls(«nnected^^^^^^^^^ 

connected to the "Soe" input of CC 1 16, the boc ^ rruA the "Soc" output of CC 114 Is connected 

outputofMM102,the"C3"inputisconnectedtott.e^op)ut^ 

inputl8tiedtotheP2OutputofMM103,the C, '?P"J '^^J^'f ° '° 45 
WtriMM103,lh."C,"iii()ull<col«»O«l"W^»W^ 5, 

";rc:c:fcss?:ri^ 

MM103.the"C,"inputlstiedtothePeOUtputofM^^^^^^^^ 
55the"D(,"lnputi8tledtotheP5OUtputofMM104.the D2 mpuiisneoio 

input is tiedtothe Pgoutputof MM 101. „ , ^ , p outputof 

T^e "Co-input ofCC117i8tiedto*eP,o^^^^^ 
IWM103.the"C,"lnputi8tiedtotheP.outputofMMW^^^ 

output of MM 101. ♦u«D A..tniitofMM104 whllethe"Co"inputi8Connectedtothe 
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120,121J22 and 123connectedtooperateln parallel. Each of thearithmetic^^^^^^^^ 

reoSentation. Howeverjin the principal embodiment ALU 120 is ~""«cted as acarry^ook^hMda^^^^^^^ 
r^SSS rv look generator. ALU 120. Figure 1. has its Xi'Mnput connected to ground te 

,0 connected » the Soc "^^^"^ - .np^t connected to the "ES" output of CC 111, the 

coIJect?dtSr"C,"fnputof ALU 1 22. and the "C," output of ALU 122 connected to the ' C, mputof ALU 

'^^^L"A„'MnputofALU121isconnectedtothe"DC'outputofCC112.whilethe^^^^^^ 
th?ES"ouJuto?CC112,the"Arinputisconnectedtothe"EC''outpu^ 
?onneLSSe''DS"ouiputofCC113,the"A/Mnputisconnectedtothe"^^^^^ 
[nputteconnectedtothe''ES"outputofCC113,the"^"^ EC" outputofCCIW. 

,hI^S^outS?o?CC1litti'^/Mnpu^ 

wnnSedXe Wou putofCC115,the"A,'Mnput is connected to th^^^^^^^ 
5ta2nnert^tothe''ES"outputofCC116,the"V output of CC 115.. 

25 andthe''B,"inpu.Is(»n^^^^^ 

bltMthrproduct110.The"S,"outputofALU120istheP,bltofthe^^^^^ 

outputof ALU 120aretheP,andP3bitsoftheproduct110,respertivelyJJ^B So,^S^^ .^c, "V'and 

. onapTirtyofaWnaiynumbertoberepresentedasadi^^^^^ 
thatmuWpller 108 is given In the form: ^ 



40 n-l 
Y 



45 



1^0 n-1 nrl 

as the dlfferme* 



45 



1-0 

\ I .. ..^fl and N 50 



)o v»he.eu,-|v.-yM^»y.-yi-'<0'"«l 
0 othenwiee; and v, =|yi - Vi-i|if Yi - Vi-i 0 



andOother^s^ „„,„,00 thenYcanal8Obestatedas:Y-1000000000 - 0000000100.Th«sa»tringof ^ 
'SmultipliindXintheexampleabo^.^^^^^^^^ . 
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TABLE I! 

Y,., Y, Y|+i OPERATION 

5 

g Q 0 0 Add zero to partial product 

^ Q 0 Add multiplicand to partial product 

Q ^ 0 Add multiplicarid to partial product 

10 ^ , 0 Add2tlme8multiplicandtopartialproduct 

Subtract 2 times multiplicand from partial product 
Subtract multiplicand from partial produrt 15 
Subtract multiplicand from partial product 
Subtract zero from partial- product 



0 0 1 

15 1 0 ^ 



0 1 1 

1 1 1 



20 ^ . 

wiringinter^onnection between thewmponen^^^^ 

MuHlplier mulUplexor's 101. 102. 103 ^'j^^^^^^^ .^ wJm M "X- inputs "Y-1." "W and a 
2s 2.Rgure2show8MM 101 to have inputs "X." through ^7. "v^" ^J^'!^ . 
••Vl^svvellasthe'r'inputfordetermin^^^^^^^^ 
labeledP,throughP..Thi8mult.pl.ermoM^ 
the^uralitjroflnpu^mpa^^^^^^^^ 



25 



laoeieg ro inruua" r - • circu try Interconnecuons win a u.«jo.»-"-y 

the plurality of inputsinparallelandas such Figin^e2s^^^ 

portionofthatpartofthecircuitrydirectlyconnertedtothe^^^^^ 3^, 
3o*eo«tputbluP,lhroughP,.Connectedtoe8chof^^^^ 
driverhavlnflanlnverted nputandan.nvertedou^^^^^^^^^ 

to the portion of the drcuftiy shown in Rgure 2, input a J^^"""^ , and the input "X," is 
leL-Xo'Mnpmisconnectedtothe^^^^^^^^^^ 

connected to the inverted Input of a third dnver 203, inpui ^ 35 

rsrs^e^-sn^w 

Ldthe'-vrinputisconnertedtotheinverj^^^^ 40 
40 Connectedtotheoutputofea^ofjed^^^^^^^ 

NAND gates 210,211 arewnnect^lt^^^^^^^^ 

gates 214. 215 are connected to the dnver 203 NA^^ 

NANDgates 218, 219are connected to thednver^^^^^ 

inverted and a non-inverted (complementanrjo^t; !^ 
4S 204.and206areeachconnectedtoantnvertedinputofthew 204, and 206 are each 

2S217and219.re8pectively.Thenon.invertedoutput^^^^^^ 

connectedtoaninverted input of thdrreepwhveN^^^ 

srdrreroMscTt's^d^^^^^ 

output of the drivers 207, 208, and 209.The "3^^^^^ is connected to a first inverted 

Input to the gates 221 , 222, and 223. The inverted ?^^^J^i^Z>ei 208 is connected to a 
,„^tothe9ates224,225,226and227^ThenonHnv^^^ 55 

55 secondinvertedinputtothegate822 , 224and225^1^»^^^^^^^ 

srs,r=ra?r=^^^^^^^^ • 



00 p.u"j^»i^;J^o^^^ - 

""Lputiconnectedlncommcn. these grt« being n^^^^ 

inverting outputfrt,mthegatM210and 211^^^ 
gate 231.T1»e inverting outputfromthegatM2128mi«^^^ 

de8Choftheflates2338nd236.Thenon^n«^^^^ 65 
65 inputofthegato232.Thenon-invertlngoutputfiomtheg8tezii isconnew 
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the gate 232, while the non-inverting output from the gate 21 2 is connected to a first inverting input to the 

gate 234 and a first inverting input of the gate 237. The non-inverting output from the gate 213 is connected 

to a first inverting input of the gate 234 and a first inverting input of the gate 237. 
The inverting output from the gates 214 and 215 are connected in common and to a first inverting input of 
5 the gate 238 as well as to an additional gate out of Figure 2, The non-inverting output from the gate 214 is 5 

connected to a first inverting Input of the gate 239 as well as to an additional gate out of the figure. The 

non-inverting output from the gate 215 Is connected to a second Inverting Input of the gate 239 as well as to 

an additional gate out of the figure. 
The Inverting output from the gates 216 and 217 are connected In common to a first Inverting Input of the 
1 0 gate 243 as well as a first Inverting Input of the gate 246. The non-inverting output from the gate 216 is 1 0 

connected to a first inverting Input of the gate 244 and a first inverting input of the gate 247. The 

non-inverting output from the gate 217 Is connected to a second Inverting input of the gate 244 and a second 

Inverting input of the gate 247. 
Gates 218 and 219 have their Inverting inputs tied in together and to a first mverting mput of the gate 
15 and a first Inverting Input of each of the gates 251 and 253. The non-inverting output from the gate 218 is 15 

connected to a first Inverting input of the gate 249 and a first inverting input of each of the gates 252 and 254. 

The non-inverting output from the gate 219 is connected to a first inverting input of the gate 249 as well as a 

second inverting input of each of the gates 249 and 252 and a second inverting input of the gates 254. 
The Inverting output from the gate 221 Is connected to a third inverting Input of the gate 232, as well as to 
20 each of a third inverting input of the gate 237, an Inverting Input of the gate 242, an inverting input of the gate 20 

247,and an inverting input of the gate 252, as well as, an inverting input of corresponding gates out of the 

^ The Inverting output from the gates 222 and 224 is connected together and to a second inverting input of 
each of the gates 233, 238, 243, 248, as well as gate 253 and corresponding gates out of the figure. 

25 The inverting output from the gates 223 and 225 are connected in common to a third inverting input of 25 
each of the gates 234, 237, 244, 249 and 254, as well as corresponding gates out of figure. The inverting 
output from the gate 226 is connected to a second inverting input of each of the gates 231, 236, 241 , 246 and 
251, as well as corresponding gates out of the figure. The inverting output from the gate 227 is tied to an 
inverting Input of each of the gates 235, 240, 245, 260 and 255; as well as corresponding gates out of the 

30 figure. 



figure. . 

The gates 231 . 232, 233, 234, and 235 have their Inverting outputs connected In common and to an 
inverting input of a driver 261. The Inverting outputfrom each of the gates 236, 237, 238, 239 and 240 are 
connected in common to an inverting Input of a driver 262. The Inverting output from each of the gates 241, 
242 243, 2A4 and 245 are connected in common to an inverting Input of a driver 263; while the inverting 
35 output from each of the gates 246, 247, 248, 249 and 250 are connected In common and to an Inverting input 35 
of a driver 264; and the inverting outputs from each of the gates 251, 252, 253. 254, and 256 are tied together 
and to an inverting input of a driver 265. The drivers 261 , 262, 263, 264, and 265 each have Inverting ouQnits 
and have corresponding counter parts for the circuitry out of the figure. The inverting output from the dnver 
261 forms the most significant bit po out of the multiplier multiplexor circuit; while the inverting output from 
40 the driver 262 is the output bit pj; the inverting output from the driver 263 forms the output bit Pe; the 40 
Inverting output from the driver 264 fomis the output bit p?; and the inverting outputfrom the driver 265 
forms the output bit ps. Output bits p,, pa, P4* and ps they are accounted for from similar drcuitiy out of the 

^'^tE column compressors 111 thr^^^^ 
45 Rgures 3A, and 3B. CC 1 11 through 118 operate in parallel to perfomi a manipulation similar to the following 45 
explanation which includes an illustration in Table III. 

The avoidance of excessive carry-propagatlon time Is Implemented by column compression where carnes 
are not allowed to propagate until the very last moment Assuming that the sum of 6 numbers is to be ^ 
calculated. This partial product array may, as an illustration, be represented by the array in Section a ofthe ^ 

^^Multlple addition as implemented by column compression is achieved by summing independentiy along 
each column, i.e. counting the number of Vs in column. Since each column's sum Is up to 7, the binary result 
is contained in three bits as shown in Section "b" of the Table III. As an example, the third least sig nif leant 
bif s column contains six 1 's. These Vs are added up and expressed in binary form, on a diagonal line 
55 beginning from tiie bottom upwardly to the right, ending directly under the third most significant column of 55 
Section "a." Here a binary "1 10" Is written equaling 6. Similarly the number of ones in each of the other 
columns Is added and written binarlly on a diagonal. A second reduced "array" Is written In Section "b* of 



. the Table lllasathree-row array. a.- u ^^w^ 

This operation Is performed again and again until the array is reduced to only two rows which can be 
60 operated upon by a simple adder component. With the illustration of Table 111 the very next reduction 60 
produces a two-row array, Section "c." A simple addition provides the output. Section "d. 
(112+143+60+198-(-255-f-100+30-898) 
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lis 116. 1 17, and 118 is shown m Figures 3A and 3B as '^epresemeu ^ » g comprise a port on 
25 ;^":CC111.Apluralityof invejjag^^^^^^^^ 

oftheCC111andareconnerted.oneea^^^^^^^^^^^ 

"C.,''"Cv""C2/'''C*""C4.'''C*^^aml C.^^^^^^^ 

inverting output andanon-.nver«^ou^ 

isconnectedtotheioputofthednvwMn^^^^ 
30the''D,'Mnputisticdtotheinputofdriveim^^ 

"D," inputiseonnectedtothe 'nP"»o^T'''306,*e npw 

..D-inSutisconnectedtotheinpu^^^^^^^ 

rxtssro«a?L^^^^^^ 

lnputofanothergate325. ,„„. ^„„^.rf,o another Inverting input of each oftheflMes 321 and 
40 'meinvertedoutputfromdnver302teconn^^^^^ 

322 as well as the gates 324 and 326. The "«"-'"^««S"^,SSfX 323 and 325. 
£,erting input of another8at.320andan^|w^^^^ 
Theinvertedoutputfronndrlver303i8connected»aninv^^^ 

second bankoflikegatesisuWI^topefJm"^ 
are thegate8360. 361,362. 363,mm36J.m368.^^^ 

outputfromthegate 320 is connected to aninwrtmgl^^^^^^ 



so 



ss 
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innut of each of the qates364, 365 and 367. While, the non-inverted output from the gate 323 is connected to 
■^12™ inoit oSXe gat^^ 363 and 366. The non-inverted output from the gate 324 is connected 

5rgate366.T;?;on.invertedoutputftomthegate326i8Connert^^ ^ 

-SSdtr^^s^^^^ 

X;e3Bshovvsanident,ca.«rcuiti^^^^^^^^^^ 

382 and 383 shown in Figure 3B correspond to the gates 380 and 381 , Figure 3^, descriDeo aoove. _ 
inverted output of the gate 362, as well as, an inverting input of the gate f^- Gaw 3W nas atniro inw^ 

65 Input of the gate 404 and another Inverting Input of the gate 407. 



45 
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Column compressorlllhas its 'W'input connected to another inverting inputo^^^ 
another inverting Input of the gate 404 as weil as an inverting input of anothergate 408. 

^iinSoltpStefrom^ 
Invertina inout to another driver 395. The inverted output from the driver 395 is the Ec output from CC iii. 

latches between processing elements a^^^^ embodiments 
illustrative and shall r>ot be taken in the limiting sense. 

CLAIMS 30 
30 . . 
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illustrate'd in, the accompanying diagrammatic drawings. u-^,i^,*:««..ir«.it* 
13. Any features of novelty, taken singly or in combination, of the.binary multiplication circuit « 
hereinbefore described with reference to the accompanying diagrammatic drawings. 
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